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Different nonlocal quantum correlations of entanglement, steering and Bell nonlocality are defined
with the help of local hidden state (LHS) and local hidden variable (LHV) models. Considering
their unique roles in quantum information processing, it is of importance to understand the indi-
vidual nonlocal quantum correlation as well as their relationship. Here, we investigate the effects
of amplitude damping decoherence on different nonlocal quantum correlations. In particular, we
have theoretically and experimentally shown that the entanglement sudden death phenomenon is
distinct from those of steering and Bell nonlocality. In our scenario, we found that all the initial
states present sudden death of steering and Bell nonlocality, while only some of the states show
entanglement sudden death. These results suggest that the environmental effect can be different for
different nonlocal quantum correlations, and thus, it provides distinct operational interpretations of
different quantum correlations.
I. INTRODUCTION
Nonlocal quantum correlations are not only significant
due to their foundational aspects in quantum information
theory, but also their applications in various quantum
information processing tasks. According to the differ-
ent local models based on the properties of underlying
systems, nonlocal quantum correlations can be catego-
rized into three different forms of entanglement, EPR
(Einstein-Podolsky-Rosen) steering, and Bell nonlocal-
ity [1–3]. A bipartite quantum system is entangled if it
cannot be written as a statistical mixture of products
of local states of individual systems. Therefore, for a
bipartite entangled state, the correlation cannot be de-
scribed by local hidden state (LHS)-LHS model. If we
weaken the LHS-LHS model to LHS-local hidden vari-
able (LHV) model, i.e., one of the systems is not trusted
as a quantum system, then the non-separability becomes
EPR steering [3, 4]. If we further relax the condition
to LHV-LHV model, then the non-separability defines
Bell nonlocality [5–7]. Therefore, three forms of nonlocal
quantum correlations are interconnected via their defini-
tions. In particular, all Bell nonlocal states are steerable,
and all steerable states are entangled. However, there
exist some entangled states which are not steerable, and
some steerable states are not Bell nonlocal. Therefore,
we can explicitly present the relationship between non-
local quantum correlations as, Bell nonlocality ⊂ EPR
steering ⊂ Entanglement.
In practice, nonlocal quantum correlations are used as
resources of quantum information processing. Entangle-
ment is known as a basic resource for many quantum
information processing tasks such as quantum teleporta-
tion [8–10], quantum communication [11–14], and quan-
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tum computation [15, 16]. However, in order for entan-
glement to play roles, both systems should be trusted
as quantum systems, and there should be no quantum
hacking attempts to both systems. On the other hand,
EPR steering and Bell nonlocality can play roles in the
quantum information processing even when there exist
quantum hacking attacks on one of the systems [17], and
both systems [14, 18–21], respectively.
In real world implementation, quantum systems inter-
act with the environment, and it usually causes unavoid-
able decoherence. As a result, quantum correlations usu-
ally gradually decrease with the increasing interaction
time, and completely vanish after an infinite time of in-
teraction [22–25]. Remarkably, the system-environment
interaction sometimes causes much faster degradation of
quantum correlations, so the quantum system can com-
pletely lose quantum correlations in finite time of inter-
action. This phenomenon is known as the sudden death
of quantum correlations [22, 23, 26–29]. We also note
that the environmental interaction sometimes increases
quantum correlations in certain circumstances [30–33].
It has been widely studied the effect of decoherence
on entanglement both in theory and experiment [22,
23, 26–28]. However, there are only a few theoretical
studies on other nonlocal quantum correlations [34–37].
These studies deal with the entanglement sudden death
(ESD) [22, 23, 26, 27] and Bell nonlocality sudden death
(BNSD) [37], however, the study of EPR steering sud-
den death (SSD) is still missing. Moreover, all of these
works are limited to one of the nonlocal quantum corre-
lations, and thus they fail to present unified results of the
environmental effect on various nonlocal quantum corre-
lations. Considering their relationship and unique roles
in quantum information processing, it is of importance
to investigate the dynamics of various nonlocal quantum
correlations in the presence of decoherence.
In this paper, we theoretically and experimentally in-
vestigate entanglement, EPR steering, and Bell nonlo-
cality under an amplitude damping channel (ADC). We
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FIG. 1. (a) Concurrence C(θ,D), (b) EPR steering (green) and unsteering (yellow) parameters of T16(θ,D) and TU (θ,D),
and (c) Bell parameter S(θ,D)with respect to θ. Above the C = 0, T16 = 0.503, TU = 0.503, and S = 2 planes indicate the
existence of nonlocal quantum correlations. , blue and green curves present the boundaries of sudden death phenomena.
found that different quantum correlations present very
different environmental effects. For example, in our sce-
nario, all the states present SSD and BNSD, while ESD
happens for only some of the initial states. Moreover, we
can prepare two different bipartite states with an equal
amount of entanglement, but one of them shows sud-
den death of all nonlocal quantum correlations while the
other only shows steering and Bell nonlocality sudden
deaths, but not ESD. Therefore, in the presence ADC,
entanglement behaves very differently from the other
nonlocal quantum correlations, and it provides distinct
operational interpretations of different nonlocal quantum
correlations.
II. THEORY
A. Amplitude damping channel
The interaction between the system S and the envi-
ronment E via ADC with the interaction strength of
0 ≤ D ≤ 1 can be modeled as [38, 39]
|0〉S |0〉E → |0〉S |0〉E ,
|1〉S |0〉E →
√
1−D|1〉S |0〉E +
√
D|0〉S |0〉E . (1)
Here, we assume that the environment is initially in |0〉E .
Let us consider a two-qubit system is initially prepared in
a pure state of |ψθ〉 = cos θ|0〉A|0〉B+sin θ|1〉A|1〉B , where
0 ≤ θ ≤ pi/2 is the biasing parameter. Assuming both
qubits A and B are under ADC with an equal interaction
strength of D, the state becomes [39]
ρDθ =
α11 0 0 α140 α21 0 00 0 α21 0
α14 0 0 α44
 , (2)
where α11 = cos
2 θ +D2 sin2 θ, α14 = (1−D) cos θ sin θ,
α21 = (1−D)D sin2 θ, and α44 = (1−D)2 sin2 θ, respec-
tively.
Now, we study entanglement, EPR steering, and Bell
nonlocality of the state ρDθ . Here, we quantify the amount
of entanglement with concurrence [40, 41]. Bell nonlocal-
ity is determined by the Horodecki criterion which pro-
vides the necessary and sufficient condition for a 2 ⊗ 2
dimensional system [42, 43]. We apply the steering crite-
rion developed in Ref. [44, 45] to capture the steerability
of a given state. Note that the steering criterion is neces-
sary but not sufficient, and thus it cannot determine the
unsteerability of a given state. In order to capture un-
steerability, we employ the recently developed sufficient
criterion of unsteerability [46]. Here, we only provide the
results of the theoretical investigation. The detailed es-
timation procedures can be found in the supplementary
materials.
B. Entanglement
The concurrence of ρDθ is given by
C(θ,D) = max [0, 2(1−D) sin θ(cos θ −D sin θ)] , (3)
and depicted in Fig. 1(a). All the initial states of D = 0
has non-zero concurrence, and thus are entangled except
for θ = 0 or pi/2. As the interaction strength D in-
creases, concurrence decreases. One can find that entan-
glement vanishes, and the state ρDθ becomes separable
when cot θ ≤ D. Therefore, the ESD occurs along the
red line which corresponds to D = cot θ.
Note that entanglement of the initial state, C(θ,D =
0) = sin 2θ, is symmetrical with respect to θ = pi/4.
Therefore, the initial states |ψφ〉 and |ψpi2−φ〉, where
0 ≤ φ < pi4 , have the same amount of entanglement.
This symmetry is broken as C(pi2 −φ,D) < C(φ,D) after
the amplitude damping decoherence, 0 < D. This asym-
metrical nature becomes more clear for the ESD, i.e.,
ESD occurs only for |ψpi
2−φ〉, and never happens for |ψφ〉.
It originates from the asymmetrical nature of the ADC
where |1〉 experiences the damping decoherence while |0〉
is unaffected.
We note that the non-zero concurrence provides the
necessary and sufficient condition of the existence of en-
tanglement in a two-qubit system [40, 41]. Therefore,
the entanglement sudden death described above is a real
3physical phenomenon although it has been investigated
with the mathematical description of concurrence.
C. EPR steering
LHS model restricts the correlation P (aA, bB) between
the measurement outcomes a and b of the observables A
and B on the systems A and B, respectively, as
P (aA, bB) =
∑
λ
P (λ)P (aA|λ)PQ(bB|λ), (4)
where P (λ) is the distribution of hidden variables. The
subscript Q presents that Bob’s probability distribution
is obtained from the measurement of observable on the
quantum system B. The joint probability distribution
P (aA, bB) for the shared bipartite state ρDθ by Alice and
Bob can be written as
Pρ(aA, bB) = Tr
[(I + (−1)aA
2
⊗ I + (−1)
bB
2
)
ρDθ
]
(5)
The experimentally testable steering criterion can be
derived with the help of the LHS model of Eq. (4).
As quantum probability distribution
{
PQ(bB|λ)
}
for the
measurement of non-commuting observables are bounded
by the uncertainty principle, the correlation
{
P (aA, bB)
}
is also bounded by the uncertainty principle. Sev-
eral steering criteria have been derived based on differ-
ent forms of uncertainty relation along with the LHS
model [46–50].
Here, we employ the most widely accepted steering cri-
terion of Ref. [44, 45] as
Tm =
1
m
m∑
k=1
〈αk(nˆk ·~σB)〉 ≤ Cm, (6)
where m is the number of the measurement settings of
Alice and Bob, and the random variable αk ∈ {0, 1} is
Alice’s measurement result for k-th measurement. Bob’s
k-th measurement corresponds to the spin measurement
along the direction nˆk and ~σ
B ∈ {σx, σy, σz}, where
σx, σy, σz are the Pauli spin operators. Cm is the maxi-
mum value of Tm when Bob’s system can be described by
LHS model. The violation of Eq. (6) guarantees the steer-
ability of the shared bipartite state ρDθ . The efficiency of
the Eq. (6) increases with m, i.e., for a larger m, Eq. (6)
captures larger set of steerable states. Here, we follow
the technique used in the Refs. [44, 45, 51] to increase the
number of measurement settings, m. In Refs. [44, 45, 51],
the vertices of the three-dimensional Platonic solids are
used to design the measurement directions. There are
only five three-dimensional Platonic solids with 4, 6, 8,
12, and 20 vertices. The measurement directions are cho-
sen along the line by joining a vertex with its diametri-
cally opposite vertex, except the Platonic solid with 4
vertices. With that, we can obtain 3, 4, 6, 10 measure-
ment settings from the Platonic solids with 6, 8, 12, and
20 vertices, respectively. We can increase the number
of measurement settings by combining the measurement
directions from the four Platonic solids. Here, we have
chosen m = 16 measurement settings by combining the
axes of a dodecahedron (the Platonic solids with 20 ver-
tices) and its dual, the icosahedron (the Platonic solids
with 12 vertices). Note that we found that m = 16 mea-
surement settings capture larger sets of steerable states
than other possible combinations using 4 Platonic solids
in our scenario. In this case, steerability is guaranteed
by the violation of the following inequality [44, 45].
T16(θ,D) =
1
16
16∑
k=1
〈αk(nˆk ·~σB)〉 ≤ C16 = 0.503. (7)
Since the steering criterion Eq. (7) is necessary, but
not sufficient, it does not guarantee unsteerability. The
unsteerability of the state ρDθ can be verified with the
help of the sufficient criterion of unsteerability derived in
Ref. [46]. According to this criterion, the unsteerability
of ρDθ is determined when
tU (θ,D) = max
[
α,
2 cos θ
√
1−D√
γ
]
≤ 1, (8)
where γ = cos2 θ + D sin2 θ and α = {D2(γ − (1 −
D) sin2 θ)2 + 2(1−D)γ}/γ2.
Let us define the normalized unsteering parameter TU
as
TU (θ,D) = 0.503 · tU (θ,D) ≤ 0.503, (9)
in order to present the steering and unsteering criteria
in the same figure, see Fig. 1(b). The green and yellow
surfaces show T16(θ,D) > 0.503 and TU (θ,D) > 0.503,
respectively. Therefore, the states ρDθ lie on the green
surface are steerable. Note that, similar to entanglement,
the steering parameter T16(θ,D) becomes asymmetrical
with respect to θ = pi/4 after ADC. The states ρDθ be-
comes unsteerable when TU (θ,D) ≤ 0.503. Therefore,
the SSD occurs for TU (θ,D) = 0.503, and it is presented
by a blue curve in the Fig. 1(b). It is remarkable that
SSD happens for all the initial states, unlike ESD.
D. Bell nonlocality
The Bell nonlocality of a given state can be calcu-
lated from the correlation matrix λθ,Dij = Tr[σi⊗σj · ρDθ ],
where i, j ∈ {x, y, z} [42, 43]. The eigenvalues of(
λθ,Dij
)T
·λθ,Dij , where the superscript T denotes for
transposition, are λ1 = (cos
2 θ + (1 − 2D)2 sin2 θ)2, and
λ2 = (1 −D)2 sin2 2θ (with degeneracy). Therefore, the
Bell parameter S = 〈α1β1〉 + 〈α1β2〉 + 〈α2β1〉 − 〈α2β2〉,
where {α1, α2} and {β1, β2} are sets of Pauli operators
for Alice and Bob, respectively, is given by [42, 43]
S(θ,D) = max
[
2
√
2λ2, 2
√
λ1 + λ2
]
. (10)
4The state is Bell nonlocal if S(θ,D) > 2. The Bell param-
eter S(θ,D) is plotted in the Fig. 1(c). The orange curve
shows the Bell nonlocality of the state ρDθ and BNSD
occurs along the green line represented by S(θ,D) = 2
where the orange surface touches the horizontal surface.
Similar to SSD, BNSD occurs for all the initial states.
E. Sudden death of nonlocal quantum correlations
The initial state |ψθ〉 is entangled, steerable and Bell
nonlocal for all values of θ chosen from the range of 0 <
θ < pi/2. As a result of ADC, nonlocal quantum corre-
lations decrease with the increasing interaction strength
D. In order to compare the sudden death phenomena
of various quantum correlations, we present the local-
nonlocal boundaries of C(θ,D) = 0, T16(θ,D) = 0.503,
TU (θ,D) = 0.503, and S(θ,D) = 2 in Fig. 2.
The red line corresponds to C(θ,D) = 0, and hence, it
divides entangled states from separable states. It signi-
fies that the state |ψθ〉 with 0 < θ ≤ pi/4 does not show
ESD in ADC. The green curve presents S(θ,D) = 2,
and thus show the BNSD boundary. It has discontinu-
ities at (θ,D) ∼ (0.35pi, 0.101) and (0.21pi, 0.269) due to
the maximization over two functions in Eq. (10). The
purple and blue curves correspond to T16(θ,D) = 0.503
and TU (θ,D) = 0.503, and thus they are boundaries for
steerable and unsteerable states, respectively. Between
these two boundaries, there exists a undetermined area
in gray where steerability of a given state cannot be con-
cluded with the existing steering and unsteering criteria.
As can be seen in the shaded by black region where the
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FIG. 2. The regions of various nonlocal quantum correlations
for the bipartite state ρDθ . Red, purple, blue, and green lines
correspond to C(θ,D) = 0, T16(θ,D) = 0.503, TU (θ,D) =
0.503, and S(θ,D) = 2, respectively.
steering criterion fails to reveal the EPR steering for Bell
nonlocal states, the steering criterion becomes invalid as
θ → 0. This non-ideal presentation can be improved by
increasing the number of measurement settings [44].
It is interesting to compare the sudden death phenom-
ena among various nonlocal quantum correlations. Al-
though all quantum correlations of the initial state |ψθ〉
are symmetrical with respect to the parameter θ, they
become asymmetrical after ADC. This happens due to
the asymmetrical nature of ADC, i.e., ADC does not af-
fect to |0〉 and |1〉 symmetrically. As discussed above,
while both states |ψφ〉 and |ψφ+pi/4〉, where φ < pi/4,
have same amount of entanglement, ESD never happens
for states |ψθ〉. Whereas, all states with 0 < φ < pi/2
show SSD and BNSD. These results indicate that differ-
ent nonlocal quantum correlations are affected by ADC
in very different ways.
III. EXPERIMENT
A. Experimental setup
Figure 3 shows the experimental setup to explore non-
local quantum correlations affected by ADC. The maxi-
mally entangled photon pair of |ψ〉 = 1√
2
(|00〉 + |11〉) =
1√
2
(|HH〉+ |V V 〉) at 780 nm is generated at a sandwich
BBO crystal via spontaneous parametric downconversion
pumped by a femtosecond laser pulse. Here, |H〉 and
|V 〉 denote horizontal and vertical polarization states,
respectively. The sandwich BBO crystal, which is com-
posed of two type-II BBO crystals and a half waveplate
in between, is specially designed for efficient generation
of two-photon entangled states [52].
In order to implement the amplitude damping chan-
nel (ADC), one needs to keep the probability amplitude
of |0〉 unchanged while that of |1〉 changes to |0〉 with
the probability D. Fig. 3(b) shows our implementation
of ADC with polarization qubits. Two beam displacers
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FIG. 3. Experimental setup for (a) the initial state prepara-
tion, (b) amplitude damping channel, and (c) state measure-
ment for inequality test and quantum state tomography. BD :
beam displacer, H : half waveplate, Q : quarter waveplate, BS
: beamsplitter, Pol. : Polarizer, SPD : Single-photon detector.
5(BD) which transmit (reflect) horizontal (vertical) polar-
ization state form a Mach-Zehnder interferometer. With
the half waveplates (HWP, H) in the interferometer, one
can independently control the ratio between two outputs
|0〉E and |1〉E of BD2 for the horizontal and vertical po-
larization states. In the experiment, we set the HWP at
the horizontal polarization path at 45◦ in order to have
all horizontal input photons at |0〉E . On the other hand,
the vertical polarization input state can be found both at
|0〉E and |1〉E according to the angle of the HWP at the
vertical polarization path. In order to cancel out the ef-
fect of the HWP in the interferometer, we position HWP
at 45◦ both at |0〉E , and |1〉. The environment qubit
is traced out by incoherently mixing |0〉E and |1〉E at a
beamsplitter (BS) [38].
As shown in the Fig. 3(c), two-qubit quantum state
tomography (QST) and various inequality tests are con-
ducted by two-qubit projective measurement and coinci-
dence detection. In the experiment, concurrence C and
the unsteering parameter TU are calculated from the QST
result whereas the Bell parameter S and the steering pa-
rameter T16 are directly obtained from the inequality
test data. The details of calculating entanglement and
unsteerability as well as measurement settings for Bell
nonlocaltity test and steering test can be found in the
Appendices.
B. Experimental results
For experimental verification of the effect of different
quantum correlations in the presence of amplitude damp-
ing decoherence, we have prepared maximally entangled
polarization photon pairs from spontaneous parametric
down conversion. To test Bell nonlocality and steerabil-
ity, we use CHSH and steering inequalities derived in
the Ref. [44, 45]. To confirm unsteerability, we exper-
imentally test the sufficient condition of unsteerability
of Eq. (9) via quantum state tomography [53, 54]. The
details of experiment can be found in the supplemental
material.
We present parameters of different nonlocal quantum
correlations for the initially maximally entangled state
|ψθ=pi/4〉 with respect to the interaction strength D in
Fig. 4. Figure 4(a) shows theoretically and experimen-
tally obtained concurrence C. It clearly shows that en-
tanglement gradually degrades as D increases, and the
state becomes separable when D = 1. Therefore, entan-
glement does not show sudden death phenomenon.
Fig. 4(b) represents the Bell parameter S. The hor-
izontal straight line corresponds to the upper bound of
Bell inequality under LHV model, S = 2. Similar to the
concurrence, S decreases as D increases. More interest-
ingly, S becomes smaller than 2 even for D < 1, that
indicates sudden death of Bell nonlocality happens. In
particular, we theoretically found that the sudden death
of Bell nonlocality happens at D ≈ 0.29. Our exper-
imental result coincides with the theoretical finding as
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FIG. 4. Experimental results of the parameters of (a) en-
tanglement, (b) Bell nonlocality, (c) EPR steering, and (d)
unsteering for the initially maximally entangled state ρDθ=pi/4,
respectively. Red and blue lines and markers are theoretical
and experimentally obtained values, respectively. Error bars
are smaller than the size of makers. The horizontal black lines
denote the local-nonlocal boundaries. Entanglement does not
show the sudden death phenomenon, while Bell nonlocality
and EPR steering sudden death happen. (d) The undeter-
mined region for EPR steering is presented in gray.
the Bell nonlocal state at D = 0.2 becomes Bell local at
D = 0.4. It is notable that unlike entanglement, Fig. 4(b)
shows the non-monotonous nature of Bell local correla-
tion (i.e., Bell parameter S lies below 2) with respect to
the decoherence parameter D. The values of S decreases
when D increases from 0 to 0.66, but for further incre-
ment of D from 0.66 to 1, S increases up to 2. However,
it never exceeds the the classical-quantum boundary of
S = 2. Due to the loss of quantum coherence measured
by off-diagonal elements, different nonlocal quantum cor-
relations, entanglement and Bell nonlocal correlation de-
crease gradually with the strength of decoherence and
show monotonic behaviour. However, appearing and dis-
appearing of the diagonal elements due to the effect of
ADC is the source of non-monotonic behaviour of the lo-
cal correlations, Bell local correlation (explained by local
hidden variable theory).
The theoretical and experimental results of EPR steer-
ing and unsteerability are presented in Figs. 4(c) and (d),
respectively. The horizontal lines in the Figs. 4(c) and
(d) are the upper bounds of steering inequality allowed by
LHS model, i.e., T16 = 0.503, and the upper bound of suf-
ficient criterion of unsteerability, i.e., TU = 0.503, respec-
tively. The vertical red (blue) line denotes the value of D
corresponding to the intersection between theoretical T16
(TU ) and the horizontal line of T16 = 0.503 (TU = 0.503).
The light red shaded regions in both Figs. 4(c) and (d)
6represent the range of D for which the state ρDpi/4 is steer-
able. The light blue shaded region in Fig. 4(d) shows
the unsteerable region with respect to the parameter D.
The steerable and unsteerable regions are separated by
the gray region of 0.495 ≤ D ≤ 0.6 where the state can-
not be concluded whether steerable or unsteerable with
the existing criteria. The existence of unsteerable region
verifies the EPR steering sudden death of the state ρDpi/4.
Similar to the Bell local correlation, non-monotonic be-
haviour of unsteerability explained by local hidden state
model occurs due to the effect of ADC on the diagonal
elements.
IV. CONCLUSION
We have theoretically and experimentally investigated
different nonlocal quantum correlations of entanglement,
EPR steering and Bell nonlocality under amplitude
damping channel (ADC). Our results also show the dy-
namics of entanglement is completely different from those
of EPR steering and Bell nonlocality in the presence of
ADC. For example, in our scenario, entanglement sud-
den death depends on the preparation of initial entan-
gled states whereas steering and Bell nonlocality sudden
deaths happen for all the initial state. Therefore, our
findings present clear theoretical and experimental evi-
dences of structural difference between different nonlocal
quantum correlations [55]. They also indicate the op-
erational difference of nonlocal quantum correlations in
the presence of decoherence. Considering the fundamen-
tal and practical importance of nonlocal quantum corre-
lations in quantum information science, our results not
only provide better understanding, but also inspire vari-
ous applications of quantum information.
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Appendix A: Calculation of entanglement
Entanglement of a bipartite state can be easily verified from its concurrence. If concurrence is positive, then
the state is said to be entangled. The concurrence of the state ρDθ can be calculated from the eigenvalues of Λ
C =
ρDθ ·
(
σy ⊗ σy · (ρDθ )∗ ·σy ⊗ σy
)
, where the asterisk ‘∗’ stands for complex conjugation. For the state ρθ, the eigenvalues
of ΛC in decreasing order becomes
λ1 = (1−D)2 sin θ2
(√
cos2 θ +D2 sin2 θ + cos θ
)2
,
λ2 = λ3 = (1−D)2D2 sin4 θ,
λ4 = (1−D)2 sin θ2
(√
cos2 θ +D2 sin2 θ − cos θ
)2
. (A1)
Using the above eigenvalues, the concurrence of the state ρDθ can be calculated as
C(θ,D) = max
[
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ3
]
= 2(1−D) sin θ(cos θ −D sin θ). (A2)
Appendix B: Calculation of unsteerability
To derive sufficient criterion for an existing local hidden state (LHS) model of the state ρDθ , we need to transform
it into the canonical form % = 14
(
I + ~a.~σ +
∑
i=x,y,z Tiσi ⊗ σi
)
, where ~a ∈ {ax, ay, az} is Alice’s local vector and
{Tx, Ty, Tz} forms a correlation matrix. ρDθ can be converted to the above canonical form with the help of following
transformation
%θ = I⊗
((
ρDθ
)B)−1/2 · ρDθ · I⊗ ((ρDθ )B)−1/2 , (B1)
where
(
ρDθ
)B
= TrA[ρθ]. Then the sufficient criterion for unsteerability,
TU (θ,D) = max
[
a2z + 2|Tz|, 2|Tx|
] ≤ 1 (B2)
becomes
max
[
α,
2 cos θ
√
1−D√
γ
]
≤ 1, (B3)
8where γ = cos2 θ +D sin2 θ and α = D
2(γ−(1−D) sin2 θ)2+2(1−D)γ
γ2 .
Appendix C: Calculation of measurement settings for Bell nonlocality
Horodecki criterion provides maximum Bell violation of a given state in 2 ⊗ 2 dimensional systems [42, 43]. The
measurement settings for both Alice and Bob corresponding to Bell violation as predicted by Horodecki criterion can
be calculated with the help of Ref. [56–58]. To obtain Alice’s and Bob’s measurement settings corresponding to the
Bell violation S(θ = pi/4, D) of Eq. (12) in the main text, let us consider two following scenarios. In the first scenario,
Alice measures either observable A1 = σx or A2 = σy on her system A. Bob’s choice of observables are
B1 = σx cosϕ1 + σy sinϕ1,
B2 = σx cosϕ2 + σy sinϕ2. (C1)
Then, the Bell parameter S becomes
S1(θ = pi/4, D) = (1−D) (cosϕ1 + cosϕ2 − sinϕ1 + sinϕ2) . (C2)
The maximum value of S1(θ = pi/4, D) can be found for ϕ1 = 7pi/4, and ϕ2 = pi/4. Note that, S1(θ = pi/4, D) =
S(θ = pi/4, D) for 0 ≤ D ≤ 0.5.
In the second scenario, Alice chooses observables from the set {A1 = σx,A2 = σz} and Bob’s set is given by
B1 = σz cosχ1 + σx sinχ1,
B2 = σz cosχ2 + σx sinχ2. (C3)
In this case, the Bell parameter S is given by
S2(θ = pi/4, D) = (1− 2(1−D)D) cosχ1 − (1− 2(1−D)D) cosχ2 + (1−D)(sinχ1 + sinχ2), (C4)
which becomes maximum for χ1 = arctan [(1−D)/(1− 2(1−D)D)] and χ2 = pi +
arctan [−(1−D)/(1− 2(1−D)D)]. In this scenario, S2(θ = pi/4, D) = S(θ = pi/4, D) for 0.5 ≤ D ≤ 1.
Therefore, when decoherence parameter lies in the range 0 ≤ D ≤ 0.5, Alice and Bob choose the first scenario,
otherwise, they choose the second scenario.
Appendix D: Calculation of Measurement settings for steerability
In order to test the steering inequality with 16 measurement settings on each subsystem, Bob chooses spin mea-
surement along vertex-to-vertex of dodecahedron and icosahedron, Alice’s measurement settings are calculated by
maximizing T16. Here, Bob’s direction of ith spin measurement and Alice’s direction of corresponding spin mea-
surement settings are given by Bi ∈ {nix, niy, niz} and Ai ∈ {sinαi cosβi, sinαi sinβi, cosαi}, respectively. The above
measurement settings {Ai,Bi} maximize the expectation value 〈AB〉 for the shared state ρDθ . 16 set of measurement
9settings are given below
{A1,B1} ≡ {{ 1√
3
,
1√
3
,
1√
3
}, {α1 = arctan
[
−γ1
δ1
]
, β1 = arctan[−1]}},
{A2,B2} ≡ {{− 1√
3
,
1√
3
,
1√
3
}, {α2 = α1, β2 = 5pi
4
}},
{A3,B3} ≡ {{ 1√
3
,− 1√
3
,
1√
3
}, {α3 = α1, β3 = pi
4
}},
{A4,B4} ≡ {{ 1√
3
,
1√
3
,− 1√
3
}, {α4 = pi + arctan
[
−γ1
δ4
]
, β4 = −pi
4
}},
{A5,B5} ≡ {{0, a
b
, ab}, {α5 = arctan
[
−γ5
δ5
]
, β5 =
pi
2
}},
{A6,B6} ≡ {{0,−a
b
, ab}, {α6 = α5, β6 = 3pi
2
}},
{A7,B7} ≡ {{a
b
, ab, 0}, {α7 = pi
2
, β7 = arctan
[
−3 +
√
5
2
]
}},
{A8,B8} ≡ {{−a
b
, ab, 0}, {α8 = pi
2
, β8 = pi + arctan
[
3 +
√
5
2
]
}},
{A9,B9} ≡ {{ab, 0, a
b
}, {α9 = arctan
[
−γ9
δ4
]
, β9 = 0}},
{A10,B10} ≡ {{ab, 0,−a
b
}, {α10 = pi + arctan
[
γ9
δ4
]
, β10 = 0}},
{A11,B11} ≡ {{0, c
d
,−1
d
}, {α11 = pi + arctan
[
γ11
δ4
]
, β11 =
3pi
2
}},
{A12,B12} ≡ {{0, c
d
,
1
d
}, {α12 = arctan
[
γ11
δ4
]
, β12 =
3pi
2
}},
{A13,B13} ≡ {{ c
d
,
1
d
, 0}, {α13 = pi
2
, β13 = arctan
[
− 2
1 +
√
5
]
}},
{A14,B14} ≡ {{− c
d
,
1
d
, 0}, {α14 = pi
2
, β14 = pi + arctan
[
2
1 +
√
5
]
}},
{A15,B15} ≡ {{1
d
, 0,
c
d
}, {α15 = arctan
[
− γ5
δ15
]
, β15 = 0}},
{A16,B16} ≡ {{−1
d
, 0,
c
d
}, {α16 = α15, β16 = pi}}, (D1)
where
γ1 =
√
2(1−D) sin 2θ, δ1 = 4D(1−D) sin2 θ − 1,
δ4 = cos
2 θ + (1− 2D)2 sin2 θ,
γ5 = 2(1−D) sin 2θ, δ5 = (3 +
√
5)(2D − 1− 2D2 − 2D(1−D) cos 2θ),
γ9 = −(3 +
√
5)(1−D) sin θ cos θ,
γ11 = −(1 +
√
5)(1−D) sin θ cos θ,
δ15 = (1 +
√
5)(2D − 1− 2D2 − 2D(1−D) cos 2θ),
a = c =
1 +
√
5
2
, b =
1√
3
, d =
√
1
2
(
5 +
√
5
)
.
(D2)
